Curve sawing is a technique used more and more widely in lumber mills in order to obtain more commercially valuable pieces from a given log. It is important to understand and know this technique in order for it to be used optimally. This article deals with the mathematical modeling of curve sawing, so that a module pertaining to curve sawing can be incorporated into the Optitek software, which simulates a lumber mill and its operations.
Introduction
The lumber industry is an important industry in Eastern Canada. However, it currently faces major problems in supplying itself with raw materials. According to Bouthillier [2] , the volume of trees to be transformed will barely reach 100 dm 3 within a few years. Despite the increasing supply costs and the globalization of markets, this industry must continue to remain competitive. To do so, it should draw the maximum value out of each trunk as a way of better managing its operations. Different techniques have been used up to now. One of the most popular is curve sawing.
In this article, we will examine several mathematical models describing curve sawing. We will first examine traditional sawing and efforts that have been undertaken to model it. We will then introduce curve sawing and its origins, then delineate the principal parameters to be considered when modeling this technique.
Simulating traditional sawing
Simulation is a widely accepted technique for evaluating the impact of modifications to industrial processes. It is also used for training on and management of existing equipment. The lumber industry is no exception and has used simulation for many years to meet diverse needs, including optimizing saw cuts.
Sawing is defined to be a sequence of cutting operations effected by the different machines being used (Sicard [15] ). The result obtained at the end is a set of rectangular pieces (boards, 2 × 4, etc.), chips and sawdust.
Modeling sawing implies managing a whole series of simpler models for logs, unfinished products, sawcuts, positioning of pieces, cutting plans and classification of sawcuts. These models interact to give the required result. One of the first models used to control the cutting process goes back to the sixties (Jablokov [11] ). Since then, several models have been developed. Among the better known are the BOF (Best Opening Face) model of Hallock and Lewis [7] and the SAWSIM model of Leach [10] . In the past few years, several teams have created their own model: Zeng and Funck [18] , Todoroki [16] , Occena and Schmoldt [13] , just to name a few. A team at Forintek Canada Corp. has been working with researchers at Laval University to develop Optitek (Grondin and Drouin [6] ). The models that we will be referring to in the rest of the article will deal with Optitek.
Optitek is an object-oriented piece of software for the simulation of cutting lumber from logs. Its modular structure allows for the easy addition of new modules. Any piece of wood is represented in Optitek by a set of parallel polygonal sections. The logs are defined to be a list of elliptical polygons such that the ellipse is divided into n points connected by straight-line segments. The lumber mill is modeled by its machine-centers rather than by a list of sawing schemas. Each machine-center is configured independently, in order to better approximate reality. In addition there is a tool used to define the products and the classification rules. The curve sawing that we will examine in the next sections will make up a module to be added to Optitek.
Curve sawing
Curve sawing is a technique allowing the sawing of a piece of wood by following its natural curve or a curve forced by mechanical constraints or by computer simulation. It normally results in a greater volume of lumber, of higher quality since the cuttings follow the grain of the wood. The pieces straighten out partially, freed of the tensions imposed by the original log. After sawing and planing, these cut pieces of wood are as straight as those obtained from traditional means.
According to McInvale [12] , the first curve sawing patent goes back to 1907. However, the use of curve sawing on an industrial scale is much more recent. Some studies (Wang [17] , Corneau [4] ) have shown that curve sawing allows the fruitful use of about 5% more material than does straight sawing, this percentage increasing as the diameter of logs is reduced. In the past few years, many lumber mills have been equipped with curve sawing machines. However, the technique is still relatively unknown, mainly because of the wide diversity of curve sawing methods. The modeling of curve sawing should allow a better estimation of the gains to be expected when using one particular technique rather than another one.
Modeling curve sawing is quite different from modeling traditional sawing. When modeling straight sawing, the cutting tool is defined using planes intersecting the geometric representation of the log. To model curve sawing, the geometric representation of the log must be cut using cylinders or "curved planes" defining the trajectories of the saws. Figure 1 gives an example of straight sawing and of curve sawing of the same log.
As was mentioned previously, curve sawing can be split into two main classes. The first, natural curve sawing, cuts by following the natural curvature of the piece. The second, forced curve sawing, cuts by holding the piece and cutting according to pre-defined trajectories, typically calculated by computer or controlled mechanically. Wang [17] mentions that each of these classes can be divided again into three subclasses defined according to the placement of the trajectory: central, interior or exterior trajectory, corresponding, respectively, to the center, convex side and concave side of the piece to be cut.
Calculating the trajectory of cutting tools
To properly model curve sawing, any realistic trajectory must be considered. Computing the trajectory is influenced not only by the position on the piece, but also by the mechanical capacity of the cutting tools to follow the curve and by the limits of the support mechanism. The details of the mathematical reasoning are given in Hébert [9] .
The very first step is log data collection. A given log goes through a shadow scanner. Two diameters (X and Y axis) and the position of the center are measured regularly along the log. This data is used to define a list of elliptical cross-sections that represents the log. Each ellipse is divided into n points, and is replaced by an equivalent elliptical polygonal having these points as edges to simplify future calculations.
Since the pieces of wood are represented by lists of polygons, it is possible to extract from these polygons a list of points describing the target region, for example the list of center points or a list of points lying on a side. Once that list is constructed, a trajectory must be computed to pass as close as possible through this list of points. Two preliminary steps are in order. First each point of the list is projected onto a plane P passing through the center of the first section. This plane has as normal vectors the axis of the log (the center of the larger end minus the center of the smaller end), written • The orientation vector of the log. When the log is placed with its curvature up, the orientation vector is the vector orthogonal to the axis (of the log) that points in the direction of maximum curvature. Such a vector only exists for logs and stems ( Figure 2 ).
• When a piece of wood has at least one planar face, the orientation vector is replaced by a vector orthogonal to the axis of the piece but parallel to the existing cutting plane ( Figure 3 ).
Once these points are projected onto plane P , a rotation brings the plane and the points to a plane parallel to the axis xOz. Computing the trajectory can then be done in two dimensions. Given the panoply of possible trajectories, only a list of points on the curve and a list of normals to the curve are returned in order to remain as general as possible. The inverse rotation brings the points and the normals back to the initial reference frame. Once the trajectory is computed, the piece can be cut according to the curvature.
Natural curve sawing
Let {(x i , y i ) | i = 1 . . . n} be the set of points defining the trajectory in two-dimensional space. In Optitek, a first approach to natural curve sawing uses a least-squares approximation. The functional equation to be minimized is given by
This choice of polynomial is justified by the fact that the pieces to be cut rarely have more than three major curves. After this step, a fuzzy logic module is applied to attenuate the curve, thereby allowing the maximum curvature constraints of the cutting tools to be respected. Figure 4 gives an example of a piece cut according to this method.
A second approach is to construct the trajectory as the piece advances through the machine, as is in fact done in many mills. This approach is used by certain manufacturers (Rautio [14] ). The trajectory is extended from one point of the list to another by using the field of vision of a point ( Figure 5 ). The field of vision of point Q is the zone in the direction of vector → v in which any point can be reached from point Q by following a circular trajectory. The radius of this trajectory must be greater than a minimum radius R min imposed by the tolerance of the cutting tools. If the vector connecting Q to the following point is outside of the field of vision, the following point is replaced by the nearest point in the field of vision. Figure 6 gives an example of curve sawing using this approach.
Forced curve sawing
Here a trajectory is computed by computer. As much as is possible, this trajectory must furnish a solution optimizing the volume or the value of the products obtained from a piece. Several types of curves can be used and some of them are described below.
Arc of a circle
The main advantage of the arc of a circle is its simplicity. Such a trajectory allows machines to follow just one curve, which reduces mechanical wear. Hasenwinkle [8] and Achard [1] , among others, have designed machines that cut pieces of wood along arcs of circles.
One way to determine an arc of a circle is to use the least-squares method to resolve
where (x M , y M ) is the median point of the list and D = 0 or 1, depending on whether the trajectory passes through point (0, 0). Introducing the median point increases the numerical stability of the system. It is possible to force the trajectory to pass through the ends. However, this problem can be resolved by the method of Lagrange multipliers. Figure 7 compares sawing along the arc of a circle that passes through the ends and not. Of course, the radius must respect the mechanical limits of the cutting tools. If straight sawing is to be simulated, one can set A = 0 in the equation. The other considered means consists of forcing the arc of the circle to pass through the ends and to vary another parameter by regular increments. This parameter must be chosen so that the straight line is a special case. One possible choice is to vary the maximum distance between the chord of length L (the length of the log) and the arc of radius R. This distance is noted d. It can be shown that R 2 = (L/2) 2 + (R − d) 2 , which allows R to be found in terms of d. It is then possible to vary d linearly (in a positive or negative direction) to indicate to the arc to be turned up or down. As can be seen, the choice d = 0 gives a straight line.
Unfortunately, the simplicity of the arc of a circle is only theoretical. In practice, the radius is very large, since the tolerated degrees of curvature are small. Even with the utmost care being given, there are situations where computing the parameters of the arc of a circle becomes unstable numerically. Another alternative is needed, more stable but giving similar results.
Arc of a parabola
The arc of a parabola gives similar results to the arc of a circle, given the large radiuses. Since the curve is polynomial, it is much more stable numerically. As for the arc of a circle, one can find the parabola that minimizes the following functional:
As for the arc of a circle, one can force a curve to pass through the ends.
By using this trick, it is possible to vary the arc of a parabola by increments. In a region close to the optimum, the radius is almost constant. We would then use the following approximation:
Because of its properties and its simplicity, the arc of a parabola has completely replaced the arc of a circle. Computations are much more stable and can serve below during the computation of hybrid trajectories.
Hybrid curves
A hybrid curve combines different types of curves in the description of a trajectory followed by cutting tools. In addition to respecting the forced degrees of curvature, it is important to ensure that the final trajectory is continuous and continuously differentiable, i.e. at the join of the two curves, the slopes must be the same.
Mixing of straight cutting and of curve sawing was one of the first hybrid curve sawing techniques to be modelled, as it is already used in mills. Some systems, because of the mechanisms used to hold the pieces, must begin with a straight cut before they can start to cut curved.
One kind of hybrid trajectory (Brisson [3] ) cuts the piece in a rectilinear manner before cutting an arc of a circle (of a parabola) for the rest of the piece. Other systems will cut straight before following the natural curve of the piece. In the two approaches, one begins by determining a straight line by least-squares method by using the complete list of points. For the natural curvature, the two described techniques are applicable, so long as one ensures that the curve begins at a given point on the straight line and that the slope at the tangent point is the same on the two curves.
In the case of the arc of a parabola, two variants are possible. The first is to use the least-squares method. Given that two conditions are already given at the beginning, only one parameter remains to be found. The computation of the arc of a parabola by increments is different for a hybrid trajectory. Here the degree of curvature is in fact the distance that separates the reference straight line from the end of the arc. This manner of doing reproduces the model that the manufacturer provides. Figure 8 gives two examples of hybrid curve sawing.
It is possible to find the best combination of straight and curve parts along the set of points using least-squares method. In fact, the functional to solve would be:
where k min is the index of the point satisfying x 2 kmin + y 2 kmin < L min , L min is the shortest length that must be straight cut, and (x M , y M ) is the median point of the list. Conditions about the continuity of the curve and on the derivative of the curve at the intersection point must be added. The best curve is given by the value of k that minimizes Z k .
Modeling curve sawing
To model curve sawing, two means have been tested. Hébert [9] first cut the log using cylinders (curved planes). The second manner tested was to straighten out the pieces to be cut according to the calculated trajectory and to then cut them using traditional means. Each approach has its advantages and disadvantages. The following paragraphs elaborate.
Cutting using curved planes
To model traditional straight sawing, the saws must be placed at a certain distance from the predetermined reference frame. This reference frame is computed during the positioning of the piece. For example, before cutting, some machines will place the piece along a guide. The saws are then placed a fixed distance away from the guide.
In the case of curve sawing, the guide serving as reference frame is curved. The cutting along curved planes takes place as with straight planes. The curved referential frame is determined in the beginning, in order to guide the blades. Each saw will follow a trajectory parallel to this frame. Suppose that the reference trajectory is defined by y = f (x). A saw situated at a distance t of this referential will then have as trajectory the parametric curve
The major advantage of this method is its realism, given that the pieces to be sawn are rarely straightened. Theoretically, the results coming out of the use of this method should be more precise. However, given its construction, the translated curve is of a different nature than that of the reference curve. Given this change of nature of the translated curve, a copy of the original reference trajectory must be kept, or a repositioning according to one of the translated curves must take place. In the second case, if the curve is not conserved, it must be estimated using approximation techniques such as splines (DeBoor [5] ), which can be costly numerically.
One difficulty comes about during the evaluation of the dimensions of the sawn pieces. Since the pieces are not rectilinear, the dimensions should be evaluated by taking into account the taken trajectory. However, it is important that the chosen method be independent of the kind of curve chosen, given the large number of possible trajectories. And, of course, it should not burden unnecessarily the computations. It is not sufficient, either, to simply keep the spacing between cutting tools fixed, since it could come about that the cutting tools might not touch any piece.
The distance between two parallel curves is computed with difficulty, because of the geometric model of the pieces of wood. As was said before, a piece of wood is defined by a list of polygons, all parallel to each other. The orthogonal translation does not necessarily return a point on the polygon plane. Figure 9 illustrates this aspect.
One efficient way to compute piece thickness and width is the following. First, during the estimation of the trajectory, normal vectors to the curve are returned with the set of points along the curve, on each section of the lumber geometrical model. Let n be one normal vector to the curve, f be a point on the side of one section and s be a point on the other side of the same section ( Figure 10 ). Since the dimension of each section is known, lumber size can be estimated
n . This approximation is stable numerically and becomes exact when a piece is straight cut.
Other approaches have been undertaken to determine the dimensions of the resulting cuts. Unfortunately, none have given satisfying results. Using an approximation of the trajectory as guide induces computation errors that reflect themselves in the evaluation of dimensions. The fact of conserving the reference trajectory burdens the computation as it must be kept for every generated piece, yet without better precision.
Straightening of the piece before cutting
Another alternative that has been considered is to use the trajectory to straighten the piece before sawing. Once the piece is straightened, it can be cut in the traditional manner. Since each piece is modeled using a list of polygons, it suffices to determine a translation factor to apply to each polygon. The translation factors are computed according to the computed trajectory. Figure 11 compares the straightening factors for two different trajectories.
The major advantage of this technique is its simplicity. Since the straight sawing models are functional and tested (Grondin and Drouin [6] ), their use means that less information need be retained. Once the cutting and the evaluation of the pieces is finished, they can be recurved for printing.
Given that the straightening factor is applied in the plane of the polygons, there is an error in the evaluation of dimensions. However, given the degree of curvature in the used curves, these errors are quite small. The advantages of this approach far outweigh its disadvantages.
Conclusion
Implementing these models is done in an object-oriented model. This approach is justified by the need for Optitek to allow new tools and techniques to be added as required. This piece of software is designed as a tool box in which the user chooses the appropriate machines and algorithms to accomplish specific tasks. The curve sawing module is added to the set of available tools to model lumber mills.
Currently, the first tests obtained during simulations have been encouraging. In the case of 16-foot logs, for a mill typical of Eastern Canada, we note a 0.4% increase in produced value for arc of circle sawing and a 2.5% increase for natural curve sawing with respect to optimized straight sawing. For 8-foot logs, the natural curve sawing increases the value by 1.7% with respect to optimized straight sawing. Arc of circle sawing causes a loss of 2.1%. The optimized straight sawing is the best straight sawing that mills can do: it uses scanners and a computer to determine the best way to cut straight. The results are still preliminary but remain representative of what happens in industry.
Each algorithm will be further tested to ensure its validity. Once this step is undertaken, it will be interesting to compare the output of different approaches to curve sawing used in industry. Since manufacturers are always searching to improve their equipment, it should be possible to implement new approaches to curve sawing if necessary.
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